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ON THE KAHLER RICCI FLOW ON PROJECTIVE MANIFOLDS OF 

GENERAL TYPE 

BIN GUO 


Abstract. We consider the Kahler Ricci flow on a smooth minimal model of general type, 
we show that if the Ricci curvature is uniformly bounded below along the Kahler-Ricci 
flow, then the diameter is uniformly bounded. As a corollary we show that under the Ricci 
curvature lower bound assumption, the Gromov-Hausdorff limit of the flow is homeomorphic 
to the canonical model. Moreover, we can give a purely analytic proof of a recent result of 
Tosatti-Zhang ([29]) that if the canonical line bundle K x is big and nef, but not ample, then 
the flow is of Type lib. 


1. Introduction 

The Ricci flow ([ID]) has been one of the most powerful tools in geometric analysis with 
remarkable applications to the study of 3-manifolds. The complex analogue, the Kahler- 
Ricci flow, has been used by Cao ([2]) to give an alternative proof of the existence of Kahler 
Einstein metrics on manifolds with negative or vanishing first Chern class mm- Tsu ji 
[30] applied the Kahler-Ricci flow to construct a singular Kahler Einstein metrics on smooth 
minimal manifolds of general type. The analytic Minimal Model program, introduced in 
[19, 20], aims to find the minimal model of an algebraic variety, by running the Kahler-Ricci 
flow. It is conjectured (|20j) that the Kahler-Ricci flow will deform a given projective variety 
to its minimal model and eventually to its canonical model coupled with a canonical metric 
of Einstein type, in the sense of Gromov-Hausdorff. 

Let X be a projective n-dimensional manifold, with the canonical bundle K x big and nef. 
We consider the Kahler-Ricci flow 

Ouj 

(1.1) — = -Ric(cu) - uj, cu(0) = cu 0 , 

where c^o is a Kahler metric on X. It’s well-known that the equation (II.ip is equivalent to 
the following complex Monge-Ampere equation 

f dtp (x +e~\uJo-x)+iddv) n 

(1.2) ~St = og -n-^ 

[ v(0) = 0, 

where 9 is a smooth volume form, x — iddlogfl e c.\ (Kx) = — c\(X), and uj{t) = x + 
e _t (o;o — x) + idd<p. It’s also well-known ({30j [27]) that the equation HI.2)1 has long time 
existence, if Kx is nef. We will prove the following result: 

Theorem 1.1. Let X be a projective manifold, with Kx big and nef. If along the Kahler 
Ricci flow (11.11) . the Ricci curvature is uniformly bounded below for any t > 0, i.e., 

Ric(u;(£)) > — Kuj(t ), 

l 







2 


BIN GUO 


for some K > 0, then there is a constant C > 0 such that the diameter of (X,u(t)) remain 
bounded, i.e., 

diam(A, uj(tj) < C. 

Remark 1.1. If we use Kawamata’s theorem f[ll] ) that the nef and big canonical line bundle 
Kx is semi-ample, by [32] |2T] the scalar curvature along the Kahler Ricci flow (II.ip is uni¬ 
formly bounded, hence Ricci curvature lower bound implies that Ricci curvature is uniformly 
bounded on both sides. Then in the proof of Theorem U.li we can use Cheeger-Colding-Tian 
m) theory to identify the regular sets. Moreover, if K x is semi-ample and big, then the L°° 
bound of ip in (11. 2p will simplify the proof. However, following Song’s f|T8]) recent analytic 
proof of base point freeness for nef and big K x , our proof of Theorem 11.11 does not rely on 
Kawamata’s theorem. 

It is conjectured by Song-Tian in [2D] that the Kahler Ricci flow (11.11) will converge to the 
the canonical model of X coupled with the unique Kahler Einstein current with bounded 
potential, in the Gromov-Hausdorff sense. Under the assumption that the Ricci curvature is 
uniformly bounded below, we can partially confirm this conjecture. 

Corollary 1.1. Under the same assumptions as Theorem U.li then as t —>• oo, 

(XMty^iX^d'n), 

the limit space X^ is homeomorphic to the canonical model X can of X. Moreover, (AUccGo) 
is isometric to the metric completion of (A"° an , g K E )? where g X E is the unique Kahler-Einstein 
current with bounded local potentials and X° an is the regular part of X can . 

Consider the unnormalized Kahler Ricci flow 

d 

(1.3) — u = —Ric(cu), ca(0) = cvq, 

with long time existence. The flow (11.3 1) is called to be of Type III, if 

sup t\Rm\(x,t) < oo, 

X x [0,oo) 

otherwise it is of Type lib, here | Rm | (cu (t )) denotes the Riemann curvature of uj(t). It’s well- 
known that Type III condition is equivalent to the curvature is uniformly bounded along the 
normalized Kahler Ricci flow (11.11) . As a by-product of our proof of Theorem 11.11 we obtain 
a purely analytic proof of a recent result of Tosatti-Zhang (|29j). namely, 

Theorem 1.2. [2D] Let X be a projective manifold with K x big and nef, if the Kahler Ricci 
flow (II. ip is of type III, then the canonical line bundle K x is ample. 

Throughout this paper, the constants C may be different from lines to lines, but they are 
all uniform. We also use g as the associated Riemannian metric of a Kahler form oj, for 
example the metric space (X, uj(t)) means the space (X,g(t)). 
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this paper and many helpful suggestions which made this paper clearer. Finally he likes to 
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2. Preliminaries 


In this section, we will recall some definitions and theorems we will use in this note. 


Definition 2.1. Let L —> X be a holomorphic line bundle over a projective manifold X. L is 
said to be semi-ample if the linear system \kL\ is base point free for some k G Z + . L is said 
to be big if the Iitaka dimension of L is equal to the dimension of X. L is called numerically 
effective (nef) if L ■ C > 0 for any irreducible curve C C X. 


We can define a semi-group 

X(X,L) = {k G Z + \kL is base point free}. 

For any k G J-(X,L), the linear system \kL\ induces a morphism 

= $, fcL | : X —t X k = ^ k (X) C 

where N k + 1 = dim H°(X,kL). It’s well-known that ([T3j) that for large enough k,l G 
T(X, L ), (<Ih,)*O x = 0 Xk , ^ and X k = X t . 

We will need the following version of L 2 estimates due to Demailly ([7]) 

Theorem 2.1. Suppose X is an n-dimensional projective manifold equipped with a smooth 
Kahler metric oj. Let L be a holomorphic line bundle over X equipped with a possibly singular 
hermitian metric h such that Ric(/i) + Ric(w) > 8uj in the current sense for some 8 > 0. 
Then for any L-valued (0,1 )-form r satisfying 


dr = 0, 


lx 


m h, u U n < OO, 


there exists a smooth section u of L such that du = r and 


' x 


- 2 Ts 


J X 


| _ 1 2 , ,n 

\ T \h*P ■ 


3. Identify the regular sets 

Since K x is big and nef, by Kodaira lemma, there exists an effective divisor Del, such 
that K x — eD is ample, hence there exists a hermitian metric on [D] such that 

X — £Ric(h^) > 0. 

Let’s recall a few known estimates of the flow, (see [151130] or mm without assuming 
that K x is semi-ample) 

Lemma 3.1. (i) There is a constant C > 0 such that for any t > 0, 

d 

sup p(t) < C, sup p(t) = sup — p < C. 
x x x ert 

(ii) For any 8 G (0,1) , there is a constant C$ > 0 such that 

p > 8 log\a D \ 2 hD - C s , 

where od is a holomorphic section of the line bundle [D] associated to the divisor D. 
(in) Along the Kahler Ricci flow, there exist constants C > 0, A > 0 such that 


tr uo w(f) <C\a D \ h 2 D X 
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(iv) For any compact subset K C X\D, any £ £ Z + , there exists a constant Cp X > 0 such 
that 


IMIcRa) < Ce tK - 


Hence we can conclude that 


^ C% c (X\D) 

uj(t) - y lo c 


for some smooth Kahler metric on X\D. On the other hand, it can be shown that 
fi{t) —y 0 on any K C X\D as t —y oo, hence ay*, satisfies the equation 

w™ = (X + iddip 0Q ) n = e v °°£l, on X\D, 

and ujoo is a Kahler-Einstein metric on X\D , i.e., 

Hic^CUoo) Woo- 


Proposition 3.1. [TSJ For any holomorphic section a £ H°(X,mK x ), there is a constant 
C = C(cr) such that for any t > 0, we have 

sup \cr\1m < C, sup \X t a\ 2 h m < C 

X * A' ' 

where h t = is the hermtian metric on K x induced by the Kahler metric u>(t) and V t is 
the covariant derivative with respect to h™. 


Letting t —y oo, we have h t —y h <*, = h KE = h x e ¥, °° on X\D (here h x = ^), and 


(3.1) 


sup \a\lm < C, sup IVooCrl^m < C. 

X\D 00 X\D 


Definition 3.1. We define a set 1Z X C X to be the points p £ X such that the p-jets at p 
are generated by global sections of mK x for some m £ Z + , for any p £ N n with \p\ < 2. 

Proposition 3.2. [T8] 7 Z x is an open dense set of X and on 1Z X we have locally smooth 
convergence ofu>(t ) to oj 0Q . 


By the smooth convergence of oo(t) on X\D , we can choose a point p £ X\D and a small 
ro > 0 such that (we write the associated Riemannian metric of oj(t) as g(t)) 

B g {t)(p,r o) CC X\D, Vol g ( t fiB git) (p,r 0 )) > v 0 , Vt > 0 

for some v 0 > 0. For any sequence t t —y oo, (X, g(ti),p) is a sequence of almost Kahler- 
Einstein manifolds (see the Appendix), in the sense of Tian-Wang ([23]). By the structure 
theorem in Tian-Wang ([24]), we have 

(3.2) (X,g(ti),p) ^y (XoojdocPoo). 

Moreover, A'oo has a regular-singular decomposition, Xoo = 1Z U5; the singular S is closed 
and of Hausdroff dimension < 2n — 4; the regular set 1Z is an open smooth Kahler manifold, 
and dool^ is induced by some smooth Kahler-Einstein metric g' 00) i.e. on 1Z, Ric(g^J = —g'^. 

We define a subset S x C A'oo to be a set consisting of the points q £ such that 
there exist a sequence of points £ X\JZ x such that q^ —y q along the Gromov-Hausdroff 
convergence. 

By a theorem of Rong-Zhang (see Theorem 4.1 in [16j). there exists a surjective map 


(JZ X l9oo) t (Xoojdoo), 
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where (Tlx, goo) denotes the metric completion of the metric space (Tlx, goo), and a homeo- 
morphism (Tlx, goo) ~> (Xoo\Sx, doo) which is a local isometry. 

It’s not hard to see that Sx is closed in A'oo and any tangent cone at q Sx is M 2n , hence 
Xoo\Sx C U, i.e., S C Sx- 

Proposition 3.3. We have 

Sx C S 

hence S = Sx- 

Proof. Suppose not, there exists q £ Sx C\7l, then there exist qk £ (X\JZ x , g(tk)) converging 
to q along the Gromov-Hausdroff convergence (13.21) . Since Tl is open and tangent cones at 
points in Tl is the Euclidean space M. 2n , for any small 6 > 0, there exists a sufficiently small 
r 0 > 0 such that 

B doo (q,3r 0 ) CC Tl, Vol gloo (B doo (q,3r 0 )) > (1 - 5/2)Vol 9E (B(0, 3r 0 )), 

where gE is the standard Euclidean metric on M 2n and B( 0, 3r 0 ) is the Euclidean ball. Since 
Ricci curvatures are bounded below, by volume continuity for the Gromov-Hausdorff conver¬ 
gence ([£]) we have for k large enough, 

Vol g(t k )( B g{t k )(qk,3r 0 )) > (1 - S)Vol 9E (B(0, 3r 0 )). 

By assumption that the Ricci curvature is uniformly bounded below along the Kahler Ricci 
flow, hence Perelman’s pseudo-locality f j 141124j ) implies that if 5 is small enough, there exists 
a small but uniform constant e 0 > 0 such that 

2 

sup \Rm(g(t k + e 0 ))| < —■ 

B g(t k )(<lk,2 r 0) £ 0 

Moreover, by Theorem 4.2 in [24|, 

(3.3) (B g{tk) (q k ,2r 0 ), g(t k + £ 0 ), q k ) (B doo (q,2r 0 ),d 00 ,q). 

By Shi’s derivative estimate, we have 

sup \X l Rm(t k + e 0 )\ < C(e 0 ,l), 

B g(t k ){qk,3r 0 /2) 

for any l £ N and some constant C(eo,l). Thus we have smooth convergence of g(t k + £q) 
to a Kahler metric g^ on (B doo (q,r 0 ), Joo) along the Gromov-Hausdorff convergence (13.31) . 
where is the limit complex structure. 

Without loss of generality we can assume the injectivity radii of g(t k + £o) at q k are 
bounded below by r 0 (0). since the Riemann curvatures and volumes of B g q k )(q k ,r 0 ) are 
uniformly bounded. For k large enough, there exists (see ra a local holomorphic coordinates 
system {za ] }a=i on tlie bal1 ( B g{t k )(q k ,ro), g(t k + £ 0 )) such that |^ (fc) | 2 = YT a =i \ z a' ) | 2 < Tq, 
| z^\ 2 (qk) = 0 and under these coordinates g a p = g tk +£0 (Vza\Vz^) satishes 

^a/3 < g a p < CSccfi, \\g a p\Wn < c, for some 7 £ (0,1). 

This implies that the Euclidean metric under these coordinates 

n 

(3.4) J2 ^ dz * ] A fi 4 fc) 

OL= 1 
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is uniformly equivalent to g(t k + £o) 011 the ball B g ^ tk )(qk,r 0 ). 
Recall that along Kahler-Ricci flow 

Ric(ca(t)) = — x ~ idd(p + <p). 


Take a cut-off function 77 on M such that r](x) = 1 for a: G (— 00 ,1/2) and vanishes for 
x e [1, 00 ). Choose a function 

= (H + 1 + n)ij( 2 ) log |^)| 2 + + e 0 ) + p(t k + e 0 )- 

V r 0 /z / 

Note that is a globally defined function on A" (with a log-pole at q k ) when k is large 
enough. 

Since the metrics (13.4ft and g(t k + £ 0 ) are uniformly equivalent for k large enough on the 
support of idd[{n + 1 + \lA) r ){ ^j 2 ) l°g we see that there is a uniform constant A 

independent of k such that 

I ( fc )|2 

idd{[n + 1 + H) 7 ?( “ 2 ^ ) lo gk (fc) | 2 ) ^ -Acu(4 + £o)- 

We will fix an integer m > 10A. 

Define a (singular) hermitian metric on K x by 


‘P( t k+ e 0 ) e i„„ |__|2 

hfc = h x e 2 m g ' b Dj 


for some small e > 0. Then we have for k large enough (we denote below u> k = u>(t k + e 0 ), 
and [D] the current of integration over the divisor D .) 


Ric(h™) + Ric(cjfc) + idd^k —mx + -iddp — eRic (ho) + e[D] — x 

— / /I z^') I ^ \ \ 

+ idd[(n + 1 + |/,|)^LI ) log \z {k) \ 2 J 

m my , m , 

= xp Uk + ~2 -eRic(h D ) - —e 4 °(o;o - x) 

+ e[D\ + iddyin + 1 + \p\ lo S l- (fc) | 2 J 


in the current sense, for k large enough. The above inequality follows since y y — eRic (hp) 
is a fixed Kahler metric, which is greater than ™e“ it_i:o (wo — x) f° r k large enough. 

Define an mKx-v allied (0,1) form 


/ /|<v(D| 2 \ \ 

where 

n 

{ ,m r = J \( z ipy», v, = ..., n n ) e N" 

CH—1 

It’s not hard to see (noting that the pole order along D is < e) 
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Then we can apply the Hormander’s L 2 estimate (see Theorem 12.11 with L 
the following 5-equation 

9Uk,fi 

with Ukp a smooth section of mKx satisfying 


lx 


I life, 


n\h™e 






m 


h 


'x 


k,fl\hV 


< oo. 


mKx ) to solve 


By checking the pole order of e ’ s>k at qk we can see that u k)t i vanishes at qk up to order \n\, 
and hence 



is a nontrivial global holomorphic section of mKx■ Hence we see the global sections of mKx 
generates the /i-jets at q k for k large enough. This gives the contradiction. Hence Sx C S. □ 


Thus we have a local isometry homeomorphism 

C T^Xt9oO) —> (XooXSxydoo) = (IZ.doo). 

Hence we can identify Tlx and 7 1, and d^Ti is induced by the Kahler-Einstein metric ^ool^x- 


4. Estimates near the singular set 
Throughout this section, we fix an effective divisor D C X such that 

Kx — ^\dD\ > 0 

for sufficiently small £ > 0. By the previous section, we see X\D C Tlx- Choose a log- 
resolution of (X,D), 

TVi : Z ^ X 

such that xT l (D) is a smooth divisor with simple normal crossings. Fix a point O in a 
smooth component of 7rf 1 (T ) ) and blow up Z at the point O, we get a map 

772 : X —> Z, 

for some smooth projective manifold A". Denote 7T = o '■ X —)■ X. 

By Adjunction formula, we have 

Kx = n*K x + (n - 1 )E + F, F = a k F k, 

k 

where E is the exceptional locus of the blow up 7r 2 , and F k is a prime divisor in the exceptional 
locus of 7T. We also note that > 0 for any k. 

Since x = 7r *X G 7r *Kx is big and nef, Kodaira’s lemma implies there exists an effective 
divisor D whose support coincide with the exceptional locus E,F and 

X — s[D] is Kahler, 

hence there exists a hermitian metric on the line bundle associated to D such that 

X — £Ric(h^) > 0. 

We write D = D' + D", where suppD" = E, and E <f_ D'. Let cr^, ap, be the defining 
section of E, F and D, respectively. Here these sections are multi-valued holomorphic sections 



BIN GUO 


which become global after taking some power. There also exist hermtian metrics h E , h E , and 


hjj such that 


*0 I 1 2(n.— 1) | yi 

'Kto=\<T E \h B 

for some smooth volume form hi on A". 

We fix a Kahler metric w on X. The Kahler Ricci flow on X is pulled back to X by the 
map 7 r, and it safeties the equation 


(4.1) 


d * 

aT v = log 


(x + e *(7T*cu 0 - X] + idd^ip) 1 


cr E 


2(n—1) 
He 


a F\l F V 


7T (p, 


with the initial n*(p(0) = 0. By the previous estimates, we see that ir*tp satisfies the estimates 
h log |<7 q|^ — Cs < 7T *<p(t) < C, Vf > 0 and Vh G (0,1). 

We will consider a family of perturbed parabolic Monge-Ampere equations for e G (0,1) 


(4.2) 


d _ _ (x + e ‘(ir'uja - x) + + idd7r*<p) r 

dtjiPe S {\°e\h f ~ 1) + e){\a F \l F +e)n 

<Pe(0) = 0 


<Pe 


where (p e (t) G PSH(X, y + e *(7T*cu 0 — x) + ecu). The equation (14.2)1 has long time existence 
m and we will show that solutions to (14.2p converge to that of (14.IK in some sense. 

It’s easy to check that the Kahler metrics cu e = y + e _t (7r*cu 0 — y) + ecu + idd(p e satisfies 
the following evolution equation 

r\ 

(4.3) — cu e = —Ric(cu e ) - cu e + y + ecu - *09log + e)(\a F \l F + e)fi). 

By direct calculations, for any smooth nonnegative function /, we have 

i<9<91og(e + /) = 


> 

in the smooth sense on X\{f = 0} and globally as currents. So 


iddf df A df 


e+f 

f 

f + e 

f 

f + e 


(f + e) 2 

idd log / + 
idd log /, 


Hf + e) 


;df A Bf 


idd log ((MSJ 1} + e)(\a F \ 2 hF + e)fi) 


/ -i \ | i2(n—1) 

(n — 1) \(TE\h 

> - - 1} f hE —Ric(h E ) 


I |2(n—1) 

I oe\L + e 


> —Cu>, 


F Ric (h F ) - Ric(O) 
°f\ 2 hF +e 


for some uniform constant C independent of e. Thus away from suppH = supple 1 U supply 
we have 

d 

— cu e < —Ric(cu e ) — cu e + Ccu. 


(4.4) 
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Lemma 4.1. Let (p e be the solution to (I4.2H , then there exists a constant C > 0 such that 
for any t > 0, 6 G (0,1), we have 


Proof. Let 


sup ip e (t, •) < C , sup ^(f, •) < C. 

x x 01 


K= lAMh” 1} + £)(.Wf\I f + e)n 


lx 


be the volume with respect to the volume form (|ct/j|^” 1 + c)(Wf\1 f + e)fh We see that 

Vi> v e > v 0 = [ n, 

J X 

hence V e is uniformly bounded. We consider (for simplicity we denote = (|c r e|^ + 

e)(WL + e)Ct) 


1(1 f 


<p e n ( 


U 


, (X + e *(71*0^0 ~x) + eoj + idd<p e ) n ^ 1 

° S " |2(«-i) £ V f 


{We\T~ ’ + e)(\a F \l + e)n 


Pe^e 


e JX 


< log ( / (x + e (7r*w 0 - X) + ecu + iddf> £ ) n ) — — / < p e ^e 


lx 


e JX 


<c 


v f 


(p e Ll e , 


e J.Y 


where for the first inequality we use Jensen’s inequality. From the above we see that 

1 


V r 


p e Ll e < C. 


e J X 

Since (p e E PSH(X } x + e -t (7r*a;o — x) + ecu), fl ie mean value inequality implies the uniform 
upper bound of (p e 

sup (p e (t) < C. 
x 

Direct calculations show that (we will denote <f> e = ^p e ) 

3 • ' 

—<p £ = A co t (f>e ~ tr^e^^ivo - x) ~ Pe 

= Acj'ipe -n + tr^x + etra e Q + A ,^p e - Pe- 

Hence 

(4.5) 

then maximum principle implies 

(4.6) <p e (t) < + <C, Vf > 0. 

el — 1 


d 

(— - A*,) ((e* - 1 )p e -p £ ) = ~trcj e TT*uj 0 + n- etr^u < n, 


□ 
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Lemma 4.2. For any 8 G (0, 1), there is a constant C = C$ such that for any t > 0, we have 

<Pe{t) > 5log\a 5 \l_ -C 5 . 

Proof. We will apply the maximum principle. For any small 8 > 0 such that 


X - 8Ric(h 3 ) > 0, 

where we may also assume |erp||_ < 1 by rescaling the metric /ip. We consider the function 


H ■= (fie — <5 log \<J 


D\h f 


On X\D, H satishes the equation 


(4.7) 


dH 

dt 


= log 


C\ + e *(tt*co 0 — x) + eCo — hRic(hp) + iddH) r 


(We 


+ e)SJ 


— H — 8 log | a 


D\h f 


By choosing 8 even smaller, we may obtain co( := y — t)Ric(/ip) + e _t (7r*co 0 — x) + ecu is a 
Kaliler metric on X for all t > 0, and these metrics are uniformly equivalent to co, i.e., there 
exists Co > 0 such that 

Cq 1 ^ < uj' e < CqCj. 

Consider the Monge-Ampere equations 


(4.8) (x - <5Ric(/ip) + e *(vr*(u 0 - x) + eO + iddif e ) n = e^(\a E \^ lj + e)(W F \l F + e)fi, 


1 2(n—1) 

t-e 


where We G PSH(X,oj' € ). By the Aubin-Yau theorem, (14.8p admits a unique smooth solution 
if e for any e G (0,1) and t > 0. It can be seen that 


1 

V £ 





I X 


< C. 


Hence mean value inequality implies supy i/y < C. Then by [9], we have inf p 7 /y A — C, 
hence 

Hf/k IIl°° A C, 

for some C independent of e G (0,1) and t > 0. 

Denote co'(i) = co( + iddif e . Taking derivative with respective to t on both sides of (14.81) . 
we get 


(4.9) 


A w 'S)We - tr oj'(i)e *(71*600 - x) = We- 


A u’ e {t)We = n- tr^t) (x - 5Ric(hp) + e *(tt*co 0 - x) + eco), 

Hence 

A u’ e {t)(We -We)=We-n + tr w / (t) (x ~ <5Ric(/ip) + 2e~*(7r*co 0 - x) + 

Noting that x ~ <5Ric(/ip) + 2e _ *(7r*co 0 — x) + eco > 0 is 8 is chosen appropriately, hence at 
the maximum point of f>e — We, we have We A n, thus 

W e < C + n < C. 


Let G = H — We = We ~ ^ l°g l^plh- — We- On X\D it satisfies the equation 
(4.10) 
dG 


dt 


= log 


(x — <5Ric(hp) + e *(7r*co 0 — x) + eco + iddWe + iddG )' 


— G — <5 log |<7ph ~W. 


(x ~ hRic (hfj) + e _t (7r*co 0 — x) + eco + iddfjf) n 
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The minimum of G cannot be at D for any t > 0, since it tends to +oo when approaching 
D. For any T > 0, suppose (po, to) € X\D x [0, T] is the minimum point of G, then we have 
at this point 4^- < 0 and iddG > 0, hence maximum principle implies at this point 

G > -Slog\a 3 \l 5 -ip e > -C s , 

combining with L°° bound of we have 

& > Slog\a D \l D -C s . 

□ 


Lemma 4.3. There exist two constants C > 0, A > 0 such that for all t > 0, 

(4.11) A e < C\a b \lfu. 

Proof. By the classical C 2 estimate for Monge-Ampere equations, there is a constant C\ 
depending on the lower bound of bisectional curvature of d>, such that 

tr^Ric(a) e ) 


(4.12) 


log tr&A e > -Citrc e A - Ci 


trr^Cb e 


By the inequality H4.41) . we have on X\D 
(4.13) 

So we have on X\D, 


d tr ^9i u e . -fr 0 Ric(o; e ) C 

— log tr^uj, = A < --— z -1 + -—— 

at tr^uje tr^uo e tr&uo f 


(^ - A< 7 j (log tr„A e - Ap t + AS log \a b \ 2 h ^j 
C 


< 


'tr&A e 


+ Ctr^JA — A log —h A(p e + C 


- AtraXx ~ <5Ric(/io) + e (tt*u 0 - x) + ecu) 

G A n A n 

<—— - 2 tr Qe u - A log - A log + C 


< 


'tr Cj uj e 
C 
' trr, A e 


00 '' 




- tr„ e A + C, 


if we choose A sufficiently large and 5 suitably small, and in the last inequality we use the 
facts that 


co' 


log — < C, 


and 


co 


trcjJA - A log ^ < —trcj e A + An log tr^JA < C, 


co' 


since the function x(e M + ) ha — x + An log a; is bounded above. 

Using the inequality 

r.n _ L n 

trcjA e < {tr Qt A) n ~ l — < (tr c , € A) n ~ 1 e' Pt +* t -^ ; < C{tr a JA) r ^~ 1 . 


cat 


co' 
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The maximum of log — A<p e + A5 log | crp | \ _ cannot be at D, then maximum principle 
implies that at the maximum of log trcjCu c — A<p e + A<51og , we have 

C i 

0 < -— - CitrcjtJe)^ 1 + C, 

tr a u e 


that is, at the maximum point, 


trcotie < C. 


Thus we get the desired estimate. 


□ 


By standard Schauder estimate ([TH]) for parabolic equations, we have 

Lemma 4.4. For any integer £ G Z +; on any compact subset K CC X\D, there is a constant 
Ci t K such that for any t > 0 

ll^ellcqK) < Ce,K- 


From Lemma [4.41 we see that <p e (t) converge to a smooth function ip^ on X\D as t —y oo 
and e —> 0, which satisfies the estimates 

hlog \(Jf)\ 2 ht) — C§ < (foo < C, on X\D, for any 5 G (0,1) 

Woo := X + iddip oo < C\a £ 

Moreover, from (|4.6[) we see that 

+ Ce-" 2 ) < 0, 

Hence on any compact subset K c X\D, the function <p e (t) + Ce~ t i 2 decreases to a function 
<^oo,e as t —> oo. Hence <p e (t)\K approaches zero as t —> oo and e —>■ 0. Thus the metric 
satisfies the equation 

= (x + idd^r = e Voo \a E \ on X\D. 


Let e —* 0, <p e (t) tends to a function <p 0 (t) G PSH(X, \ + e - *(7r*a;o — x)) Fl C°°(X\D ) in 
C£ c (X\D x [0, oo))-topology, which satisfies the degenerate parabolic Monge-Ampere equa¬ 
tion 


(4.14) 


dipo 


= log 


(x + e *(71*^0 -x)+ iddip 0 ) r 


dt 

<Po(0) = 0 


In- | 2 ( n_1 ) 
\ a E\h E 


°>IL 


n 


- <Po, 


with the estimates 


(4.15) 


8 log \(Jd\ 1- ~ C 5 < ip 0 < C, on X\D,V8 G (0,1), 


(4.16) ca 0 (t) := X + e t (7r*uJo - x) + idd(p 0 < C|a^|^ A , on X\D. 

When the solutions <p 0 to (14.141) are in PSH(X , x + e -t (7r*a;o — x)) FI L°°(X), the uniqueness 
of such solutions has been proved in [20] , In the following, we will adapt their method to 
prove the uniqueness when solutions satisfy (14.151) . instead of global L°°-bound. 

Proposition 4.1. Let ip' G PSH(X , x + e * — x)) Fl C°°(X\D x [0, oo)) be a solution 
to the equation (j4.14[) with the estimate (14.150 . then 
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Proof. We consider the following perturbed equation 

d (x + e -t ( 7 r*o;o - x) + ed) + idd(p e X n 

7f t ^ = l°g - n |2(n-im wi | 2 ^ - ^ 

¥ 4 , 7 ( 0 ) = 0 , 

for any e G (0,1), 7 G (0,1). By similar arguments as in Lemmas 14.11 14.2114.31 we can get 
the following estimates for <p e ^, 

(4.17) sup</ 3 e/y < C, sup < C. 

X X 

For any <5 G (0,1), there is a constant C$ such that 

( 4 . 18 ) - ' 2 


(4.19) 


^ 6, 7 > S\og\a 3 \ h£) -C s . 

1 W 7 (f) : = X + e _i ( 7 r*ca 0 - x) + eu + iddip e>1 < C\ 


CTf, 


I-2A- 


D\hf 


CO. 


(4.20) WVenW&iK) — Ce,K, for any compact K CC X\D. 

Moreover, by maximum principle, we have the following monotonicity properties 

¥4 , 71 > ¥4, 72 , for any 71 < 72 , Ve G (0,1); 

¥4 1>7 < ¥4 2 , 7 , for any c < e 2 , V 7 G (0,1). 


We can define a function 


¥4 := (linr ¥> 6 , 7 )*, 

7—>0 


where f*(z) = lim r ^. 0 sup U)gB ^ r .)\r z i f{w ) is the upper regularization of a function. Then <p e 
satisfies the equation 

d , (x + e _t ( 7 r*w 0 - x) + eu + idd(p € ) n ~ ~ 

0774 = i°g- |2 (n-i)i | 2 r q - 74, on A \D 

We\k b 'Wf\ l F V 

Pe( 0) = 0, 

And we have the monotonicity 

¥ 4 i < ¥4 2 , for any e± < e 2 , on X\D. 

So we can define <p 0 := linr e _> 0 </? e , which satisfies the equation 


(4.21) 


d (x + e ‘(iTu >0 - x) + idd(fio) n „ 

o7 ^ 0 = 1 °g- 1 | 2 (n-l)| | 2 o -7>o, on X\D 

dt We IA ’Wf |Lfi 


<A)(0) = 0, 

The estimates (14.171) . (14.180 . fljJTj) and (I4.20p implies that 


-> ¥ , o, as e —> 0 , 


for any compact K CC X\D, and <^o satishes similar estimates as in (I4.17I) , (14.ISO . (14.19jl 
and (14.201) . 

For any ip' as in Proposition 14.11 dehne a function 

W := (fe-W - £ 0 elog\a 3 \l_ 
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on X\D, where Eq is a small number such that a; — EoKic(hf)) > 0. For any e, 
tp > 6\og\af)\ 2 hD -C s - C -£ 0 e log| a 3 1 2 h£> -> +cx), 

as the point approaching D, if S is small enough, say, 5 < Eqc/2. Hence the minimum of 
ip can only be at X\D. And on X\D, ip satishes the equation 


dip 

m =,og 


(y + e t {'ir*uj 0 - y) + iddtp' + e(u - n; 0 Ric (hff)) + iddip ) ? 


— ip — Eqe log |cr 5 


(y + e *( 7 T*u;o — y) + iddcp') n 
Maximum principle argument implies that ip m \ n = infy \fjip(-,t) > 0. (Recall we assume 


Wd\1 6 < 1.) Hence 


Pe > v' + £oe log \(Tf)\\ b , on X\D. 

On any compact K CC X\D, letting e —* 0, we get 

Po>p', on K, 

then let K —» X\D, we see that 

(4.22) p 0 > p'. 

To show the uniqueness, we only need to show </? 0 < p ', and this will be done by another 
perturbed equation, as Song-Tian do in 


(r) 

-<7 


d (r) o (y + e *((1 - r) tt*u)q ~ x) + eO + iddp en ) n 

dt^ea °g 


(M?™ 1} + 7)(M^ +7)^ 

¥>$(«) = 0 , 

It’s not hard to see that pifl -X p en as r —y 0. Denote Co = y + e _t ((l — r)n*u}o — y) + eCj + 
iddp en . 

Lemma 4.5. For some constant C > 0, we have 


sup pp<C, Clog 

X 


a 


D\hf 


c S JRS < 0 


Proof. The upper bound of pfl follows similarly as the proof in Lemma 14.11 


d ( d<Pw \ = A d< Pw -t 


dt V dr 


( r) 


= A, 


dr 


e trcjX cu 0 - 


dr 


dpty 


< A, 


(r) 


dr 


dr 


d ^ 

Maximum principle argument implies -^n. < 0. 


r) O - 

Let H := 2 Ari + — A £ 0 log where £ 0 > 0 is a small number such that 

X + e~*((l - r)7r*a;o - y) + eu - £ 0 Ric(/i£,) > c 0 A, 

for all t > 0 and Co > 0 is a uniform constant. 

On X\D, if we choose A sufficiently large, we have 

p\ r) (0 ys Ti 

(— - A F)H = - e^tr^ujo - + A log ^-A^ - An 

at dr 0 7 ’ 1 

+ Atrcjpx + e_t ((l - r)n*uo - y) + eu - £ 0 Ric(/i^)) 

> - H - A£ 0 log|(xp|? -C 


(r) 


hr) 
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> — H — C. 


Since the minimum of H cannot occur at D, maximum principle argument implies that 

(V) 

H > —C, combing with the uniform upper bound of we conclude that 


> ciog kb I ft,, 


c. 


□ 


Let 

then it satisfies the equation 

d 




7—>0 


= log 

^ r) (o) = o. 


(x + e *((1 - r)7T*uj 0 - x) + euj + idd^ (r) ~ ~ 

-on A \JJ 


12(n—1) I 12 (-) 

I a E\h E 


(r) (r) 

We have the monotonicity (ph' < p>\ 2 for an y e i < 62 - Define 

= lim 

e —>0 

From Lemma [4.51 it’s not hard to see that 

W {ri) - V [r2) I < c( 1 - log \crn\h 5 )\ri ~ r 2 \, on X\D, 

hence on any compact subset K CC X\D, ip^ —> p 0 in the C°° sense as r —>• 0, where <p 0 is 
the solution constructed in (I4.2ip . 

Now we are ready to finish the proof of Proposition 14.11 Define G := <p' — — 

e - Veolog By the assumption on </?', for any fixed t > 0 , r e ( 0 , 1 ) 

G > 51og|op| l_ -C s -C - e“Ve 0 log |1 2 hf . -> + 00 , 

as approaching D, if 5 is smaller than e~ f r£ 0 , hence the minimum of G cannot be at D. On 
the other hand, on X\D, we have 

d _ (x + e _t ((l - r)n*ujo - x) + iddip^ + re^^uo - e 0 Ric (h^)) + iddG) n 
dt g (x + e_t ((l r)7r*u;o — x) + idd(p^) n 

> lo r)ir*wo _ X) + iddtp^ + iddG) n 

~ {x + e _t ((l — r)n*uj 0 — x) + idd(p^) n 

by maximum principle, we have G > 0, i.e., 

^ > <p (r) + e"Ve 0 log| 0 £|£.. 

On any compact subset K CC X\D, letting r —* 0, we get 


(f' > (fo, on K. 

Then let K —y X\D, we see that p>' > p>o on X\D, combing with (14.2211 . we show that 
<p' = (p 0 . Hence we finish the proof of uniqueness of solutions. 

□ 
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From the uniqueness of solutions to (14. 14)1 and estimates of 7 r*tp, we see that 

ooN ~ ^ ^ 

(4.23) oj e (t) -> 7T co{t), as e —> 0, 

where ca(f) is the solution to the Kahler Ricci flow (II. lj) on X. 

We will come back to equation (14.21) . 

Let O G Bo C Z be a small Euclidean ball, = Ef 1 (Bo) C X. The divisors D' and 
7 T —1 (D) — E (the proper transform of D) lie in the zero set of of a local holomorphic function 
w in Bq. By Lemma [4.31 we have 


Lemma 4.6. 


C 


Co e (t) < on dB 0 . 

\w\ 2A 


Let Co := i t^ioeucI, where ujeucI is the Euclidean metric on Bo, then local calculation shows 
that (see [22], 17] ) 


(4.24) 

and 


C 0 1 Co < to < , _ ° 2 Co, in Bo, 


\(?E 


2 

h-E 


X — £oRic(/i£;) > 0, in Bo- 


Proposition 4.2. There exist a small 5 G (0, 1) and A > 0 such that for any t > 0,e > 0, 
we have 

C 


(4.25) 


Co e (t) < 


We\Z 5 ) m 2A 


co, in Bo- 


Proof. We will do the calculation in B 0 \E U {w = 0}. Since Co has flat curvature in B 0 \E U 
{w = 0}, we have 

a i . - ^ trcjRic(Cj e (t)) 

A ae(t) log trcjU c [t) > - 


and by (14.41) 


So 


d 

— log tr^Co e (t) < 
at 


tr^cA(f) 
trc(—Bic(Co e (t)) - Co e (t) + Coo) 


tr£j& e (t) 


C 


(| - A,, (t) )lo gi ^«( t ) < -1 < - aE]l tr ^ t y 


where we have used (14.241) . 

So we have (r is a sufficiently small number) 


d 


(tu ~ A x c (t)) \og(W E \ 2 hE +r) \ w \ 2X tr^e{t)) < 


C 


dt 


ML tr a Cj e (t) 


+ (1 + r)fr £De(t) Ric(/i E ). 


- A Mt) )(log\a E \l^ +r) \ w \ 2X tr^e(t) - A(p t 

<C — A\og iff — + c 


C O' 


12 l ~ rrr + (1 + r)Blc{h E ) 
M Z E tr&Ue(t) 

Atr^x ~ Ae-Hru e (t)(n*uj 0 - x) - Aetr^Cb 
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<C - tr+ 


C 


<?E\h B trt>u e {ty 


if A is sufficiently large, and in the last inequality we have used the fact that x ~ sRic(h E ) 

is a Kahler metric on Bo when e is small. 

On the other hand, similar calculation shows that 

d C 

- Aa e(t) ) log tr&u) £ (t) < CRr^Cb + C 4 + , 

where C\ depends on the lower bound of the bisectional curvature of uj. 

Define 

G = log \a E \l^ +r) \w\ 2X tr&Cj e (t) - A<p e + —log \w\ 2X+2 tr^uj e (t), 
by the calculations above, we have 


(dt C 2 tr “ e{t)U + \a E \ 2 h trcjU} e (t) ' trau e (t) 


+ 


<C 2 - -tra t (t)ti + 


C 


{(JsW^rcCb^ty 

where in the last inequality we use (14.2411 . 

For any small positive r, \a E \^ +r ^\w\ 2X trcjUJ e (t) tends to 0 as approaching E and {w = 0}, 
so for any t > 0, G cannot obtain its maximum at Bq D E 0 {it = 0}. Moreover, we know 

(p e > S log |in| — C$, on dB 0 , 

for any small <5 > 0. Hence by Lemma 14.61 we have 

sup G < C. 

0B o 

For any T > 0, assume (po,t 0 ) G B 0 \E U {w = 0} x [0 ,T] is the maximum point of G. If 
Po G dBo, then we are done. Otherwise, we have at this maximum point 

\t7E\l E tr&u>e{t) ~ 2C 2 ) < C. 

By the inequality 

uj (t) n ~ ~ Q 

trau^t) < = (tra e(t) w) n-1 e* e+<Pe ^ < C 3 (tr^ w O) n " 1 . 

So 

\^E\l E trco^e{t){{tr^ e (t)) l/{n ~ 1] - C 4 ) < G, at (po,t 0 ). 

If trau e (t)(p 0 ,t 0 ) < 2 n ~ 1 C2~ l , then \a E \ 2 h tr^6j e (t)(p 0 ,to) < 2 n ~ 1 CC2~ 1 . Noting that in B a , 


<Pe > S\og\a E \ 2 hE + S log 


w\ 


C s , 


hence G is bounded above by a uniform constant, if we choose 5 small enough in the above 
inequality. 

If traU) e (t)(po,to) > 2 n ~ 1 C2~ 1 , then we have 

\cr E \ 2 hE tr 6 jOj e (t)(p 0 ,to) < C. 

Then for <5 small enough, 

G(p 0 ,to) < r log|o- B |L - 51og|cr E |L - <5 log H 2 + (A + 1 ) log|w | 2 + C < C. 
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In sum, in all cases, we have sup^ oX r 0)T ] G < C. Then 

log (k E |? E 1+ ’' ) ^ e (i)kl“ +(2+2A,|20 ‘ rl (t-'^«(«)) (20 ‘ rl ) <v, + c<c, 

noting that tr&u e (t) > C 0 ” 1 tr,ia; e (t), we have 

l+(2Ci)- 1 _ c 


trcjtie 


< 


I |2(l+r)i 1 2A 

WeW e >| 2A 


If we choose r sufficiently small, say, r < (10Ci) 1 , then 1+ ^^)-i — 1 — 5 for some 5 G (0,1), 
and hence 

C 


trcoUe{t) < 


We 


? (1 -Vl 2A 


, in Bq\E U {w = 0}. 


□ 


Corollary 4.1. By letting e — > 0 in (I4.25f) and the convergence (14.23H . we have for any t > 0 

(4.26) 7r*u(t) < - - ^ u, in B 0 \(E U {w = 0}). 

We\h e M 2A 

Letting t —> oo, we have 

C 

Tr*^ < - 2(1^5) - in B o\( E U {W = 0}). 

WeW b ’\w\ 2X 

Lemma 4.7. For any q G D C X, there exists a smooth curve y(s) :G [0,1] — > X such that 
(!) T([0,1)) C X\D, and y(l) = q; 

(2) 7 is transversal to D; 

(3) for any e > 0, there exists an s 0 > 0, such that for all s G [s 0 ,1) 

d g(t)(q,l(s)) < £, Vt > 0. 

Proof. We take the resolution 7 T\ : Z —> X and choose a point O in a smooth component of 
nf\D) with 7Ti(0) = q, and blow up O, 7T2 : X —> Z, and 7r = 717 o 7 t 2 : X —* X. We choose 
an appropriate smooth path 7Q0, 1 )) C Bq\E U {w = 0 } which keeps away from {in = 0 } 
and 7(1) C E. Then 7 = 71(7) is the desired path, and last item follows from the uniform 
estimate (I4.26H . □ 

Corollary 4.2. For a fixed p G X\D, any q G D, there exists a constant C — C q such that 
for any t > 0 

d g(t)(p,q) < C q . 

Hence along the convergent sequence (X, g(ti),p) (A 'oo,doo,Poc), Q £ (X, g(ti)) converges 

(up to a subsequence) to some q^ G X^ in the Gromov-Hausdorff sense. 

Since we aim to give a purely analytic proof of our main results, without using of Kawa- 
mata’s base point free theorem, we need the local freeness of some power of the canonical 
line bundle K x as proved in [18], for completeness we give a sketched proof. 

Proposition 4.3. pL8j For any q G D, there exists a G H 0 (X,mKx) for some m G Z + such 
that 


a(q) ± 0. 
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Proof. By Corollary 14.21 we can take as the limit point of q. By [18], there exists a 
a G H°(X,mKx) such that 

Wlh^^Qo o) > 1, 

where is a Lipschitz continuous function on X^. 

By Lemma 14771 there exists a sequence of points {qk} C 7 Zx which transversely tend to q 
and 

dg( ti ){q,qk) < fc -1 , Vi. 

We may assume q k G IZx converge to the same point qk G TZ = Tlx- Hence 

doo(<7oo,<7fc) = lim d g uKq,q k ) < A: -1 . 

i —^oo 

By the continuity of for k large enough, 

e~ mifKE \a\lp(q k ) = \a\ 2 h ^ B (q k ) > 

i.e. 

PKE(qk) < C + C\og\a\ 2 h rn(q k ). 

On the other hand, for any 6 G (0,1), we have 

^l°gM l D {qk) -C s < (flKEiqk), 

hence 

WD\h D {Qk) < CW\ 2 hT (q k ). 

Since q k approaches D transversely, and S is any arbitrarily small number, we see that cr 
cannot vanish at q. Thus complete the proof. □ 

By a compactness argument and the previous proposition, we have: 


Proposition 4.4. There exists an integer m G Z + such that for any q G X, there exists a 
holomorphic section a G H°(X,mK x ) such that a(q) ^ 0, i.e., mK x is base point free. Thus 
a basis {do,..., <7Ar m } of H°(X, mKx) gives a morphism 

: x -A X mn C CP*"*, 
where X can is the image of X under 4> m . 


Remark 4.1. Proposition 4.4 is well-known from Kawamata’s base point free theorem. It 
follows from algebraic geometry [13] that when mKx is base point free the maps stabilize 
when m is sufficiently large, i.e., <L m is independent of m when m is large enough and we 
will denote this map by <f>. 


For the given basis {cr 0 ,..., crx} of H°(X, mK x ), we have 

N N N 

=Y1 M h2 er ' p -' p > c 0 > Cl > 0. 

2—0 2—0 2—0 

Moreover, by Proposition 13.11 we know 



sup | < C, Vi, Vt > 0, 
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thus the map 

d>; : (X,u(ti)) -G (. X can ,u FS ), x * y [cr 0 (a;) : ... : a N (x )] G CP^ 

has uniformly bounded derivatives (see e.g. Since the target space (X can , u>fs) is com¬ 
pact, by Arzela-Ascoli theorem, the map extends to the Gromov-Hausdorff limit space 

$co • (Aqo, doo) t (X can , Lops '), 

which is Lipschitz continuous. 

Under our assumption that the Ricci curvature is uniformly bounded below, Tian-Wang’s 
theory ([ 23 ]) on the structure of limit of almost Kahler Einstein manifolds implies that the 
singular set is closed and of Hausdorff codimension at least 4 , which also implies that any 
tangent cone in the limit space is good (see [8]), in the sense that there exists a tangent 
cone C(Y), such that for any r] > 0 there exists a cut-off function f 3 which is 1 on a small 
neighborhood of the singular set Sy C Y, and vanishes outside the p-neighborhood of Sy, 
and ||V/3|| L 2(y) < r/, then following Donaldson-Sun’s idea ([8]) on partial C° estimates (see 
also [ 23 ]), by similar arguments as in HU, for any two distinct points p, q G X^, one can 
construct two holomorphic sections cri,cr2 G H 0 (X oo ,7nKx oo ) which separate p,q, hence we 
have 

Proposition 4.5. [TTJ $00 is injective. 

5. Proof of Theorems 

Proof of Theorem [7771 To prove Theorem 11.11 we will argue by contradiction. Following the 
ideas in [T8], we need the following lemma: 

Lemma 5.1. Suppose dia,m(X, g(ti)) —$■ 00 , then we have diam(A' 00 , doo) = 00 , 

(1) $00 : (A"oo, doo) ->• ( X can ,oj FS ) is not surjective; 

(2) For p G A" can \ < h 00 (A" 00 ) and any sequence of points q 3 G X^ with d LJFS (^ 00 (qj),p) —>■ 0 
as j —* 00 , we have 

dooiPooiQj) -t 00 . 

Proof. (1) Suppose $00 is surjective. Since diam(X 0O , doo) = 00 , there exists a sequence of 
points qj G TZ C X^ with d 00 (p 00 ,qj ) — > 00 . (X can ,u> F s) is a compact metric space, hence 
there exists a convergent subsequence of {$>oo(<7j)} which converge to some q ^ G X can with 
respect to the metric u>fs- Then there is a point q <*, G X^ such that $00 (goo) = g^- We 
claim that the ball Bd oo (q 00 , 1) contains all but finitely many s. Assuming this claim, we 
get that the distance of q 3 and Poo is bounded by d 00 (p 00 , q 0Q ) + 1 contradicting the choice of 
q 3 which converge to 00 under doo as j —> 00 . To see the claim, suppose not, there exists a 
subsequence q 3l C {qj} such that d 00 (x 3 l ,qj l ) > 1 , where x 3 is a sequence of points contained 
in 1Z which converge to q Q0 under the metric doo- Since $ 00 (g?J and Too {xj t ) are both in 
which is connected and these points both converge to g^, so we can choose a curve 
7 j t C X™% whose length under co F s tend to 0 as ji —> 00 . Then dm 1 (j 3l ) <Z 1Z <Z X^ is 
a connected curve connecting x 3l and q 3l which has doo-lcngth greater than 1 , so we can 
take a point y 3l G dm 1 ( 7 ^) such that 1/2 < d 00 (x 3 v y 3l ) < 1. Then by compactness we 
may assume that up to a subsequence y 3l converge to a point ?/oo € A/*, which satishes 
1/2 < doo (goo, Voo) < 1- It’s not hard to see by triangle inequality that d^^dioo^), g(*J —> 0, 
hence d iJFS (^ 00 (y 00 ),q' 00 ) = 0 and d> 00 ( 1 / 00 ) = g(», an d this contradicts the property that d>oo 
is injective. Hence we prove the claim. 
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( 2 ) Suppose doc (poo, Qj) < A for some constant A > 0. By compactness we can assume a 
subsequence of qj converges to a point q^, with doo(Poo,Qoo) < A. 

Then we have d WFS (p, $oo(7j)) -»■ d UFS (p, $ 00 ( 700 )) = 0 as j ->■ 00 , thus p = $ 00 (g 00 ) and 
this contradicts the choice of p. □ 

Since $oo is not surjective, there exists a q' £ X can \$ 00 (A" 00 ). Consider a point q £ D C X 
with $(g) = q', for a sequence of points {qj} C Tlx = Tl in the path constructed in Lemma 
14.71 with qj —> q, i.e. d UFS (q', $00(7.1)) —* 0, we have 

sup doc (poo, qj ) < 00 . 

3 

This contradicts item (2) in Lemma 15.11 Hence the diameter of (X,g(ti)) is uniformly 
bounded. And we finish the proof of Theorem 11.11 □ 

Proof of Corollary 11.11 We will show $oo : A"oo —$■ X can is surjective. Suppose not, there is 
p fL Too (Ax,). Since $oo(77.) is dense in X can , there exists a sequence of points qj £ 7 1 such 
that du FS (p,$oo(qj)) —» 0 as j —> 00 . We have shown diam(X 00 , doo) is bounded, hence qj 
would converge to some point q^o £ Xoo under cfco- Hence 

d UFS (p, $ 00 (^ 00 )) = lim d Wi , s (p, $oo( 7 j)) = 0 , 

j-)-oo 

and we conclude that p = $ 00 ( 700 ); and thus a contradiction. Hence $00 is surjective. 
Combining with Song’s result that $00 is also injective, we see that $,*, is a Lipschitz contin¬ 
uous homeomorphism of (X^d^) and A can , since (A^jd^) is a compact space. Moreover, 
$oo|7e : (A, doo) —> (Tlx, goo) is an isometry so $oo induces an isometry between (A^, d^) 
and (Tlx, goo) = (X can , g^). Hence the Gromov-Hausdroff limit of the Kahler Ricci flow 
(II.ip is the canonical model of A", with the limit metric of the flow, under the assumption of 
bounded Ricci curvature along the flow. □ 

Proof of Theorem [TAj Suppose the flow (11.11) is of Type III, i.e. \Rm\(g(t)) is uniformly 
bounded, by Shi’s derivative estimates all derivatives of Rrn are bounded. Fix a point p £ 
A \D, for any sequence U —* 00 , by the smooth convergence of u(tf) on A \D (Lemma 13. ip . 
the volumes of unit balls B g q.)(p, 1) C (A ,g(tf),p) are bounded below by a uniform positive 
constant, the limit space (A^, doo,Poo) is smooth. Hence A"^ = Tl and S = Sx = 0- Then 
7 lx = A, otherwise, if there exists q £ X\7 l x , then by Corollary 14. 2 1 we have d g ( ti )(p, q) < C q 
for any R and a uniform constant C q depending only on q, hence q must converge to some point 
Too £ A^ along the Gromov-Hausdorff convergence, by the dehnition of Sx, q £ Sx 7 ^ 0, 
thus a contradiction. So we have A is a compact Kahler manifold admitting a smooth Kahler 
Einstein metric coke with Ric(cjfCE) = —core, hence Kx is ample. □ 

Appendix 

In this appendix, we will show that along the Kahler-Ricci flow (II.ip . assume Ricci cur¬ 
vature is uniformly bounded below for all t > 0 , then for any sequence U —> 00 , (A ,u(ti),p) 
is a sequence of almost Kahler-Einstein manifolds in the sense of Tian-Wang ([24]), where 
p £ X\D is a fixed point. Recall a sequence of Kahler manifolds (A4,ajj,pj) is called almost 
Kahler Einstein if the following conditions are satisfied. 

(1) Ric(a;j) > -Ui 

(2) Vol Ui (B(pi,r 0 )) > vq > 0, for two fixed constants r 0 > 0 and vq. 
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(3) The flow = — Ric(o;) + has a solution u(t) with cu(0) = Ui on X t x [0,1], where 

A i £ [—1,1] is a constant. Moreover, f x \ R(oj(t)) — n\\u)(t) n dt —> 0 as i —> oo. 

We may assume Ric(cu(t)) > —K for a constant K > 0 (we may assume K > 1) and any 
t > 0. Let (hi = Ku(ti), then Ric(o)j) > —1. Since (X,u>(ti)) is non-collapsed at the point 
p £ X\D due to the smooth convergence, we have (X,i Dj) is also non-collapsed at p, i.e., 
there exists Vo > 0 such that Vol&^B^ip, r 0 )) > t’o for some small r 0 > 0 . 

&i(t) := Kuj{ti + K~H) with t £ [0,1] satisfies the (normalized) Kahler Ricci flow equation 

^Wi(t) = —Ric(uji(t)) - K~ l Ui(t ), 

with the initial o)j(0) = a)*. From the evolution equation for the scalar curvature R(oj(t )) 
(oj(t) is the solution to ( 11 .ip ) 


— R — A u (t)R + | Ric | 2 + R, 

by maximum principle, at the minimum point of R(cj(t)) for each t, R min 
we have 

4^min(t) > |Ric | 2 + R min (t) > jRmin(t)2 + R min (t). 
at n 

Standard comparison theorem of ODE implies that 


-Rmin(^) A II 


Rmin{0)n + n 2 


Rmin(0)e t ~ -R m in(0) - 71 


> 


-n 


0 (e 


-t\ 


minx R(&(t)), 


Hence for t £ [0,1], we have 

R(ui(t)) = K~ l R{uj{ti + K~H)) > -R-'n - 0(e~ u ). 


Then 

r l r ri 

\ixyuji{L)) -i- W _1 

' 0 J X 


\R(tii(t)) + K 1 n\oj i (t) n dt < 



o Jx 



1 0 JX 



(( R(ui(t )) + K-'n) + 0(e- u ))ui(t) n dt 
n(Ric(a)j(f)) + K~ l Cbi{t)) A Cji{t) n ~ l dt + 0(e _ti ) 
n(e- u - K ~ H (u} 0 - X ) - iddp) A u^t^dt + 0(e- u ) 


i o Jx 



ne u t (u 0 — x) A l dt + 0 (e u ) 


i o Jx 

o~U 


< 0(e u ) —y 0 , as U —> oo. 
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